(N 

A NEW APPROACH TO MODIFIED g-BERNSTEIN POLYNOMIALS FOR 
FUNCTIONS OF TWO VARIABLES WITH THEIR GENERATING AND 
^ INTERPOLATION FUNCTIONS 

d ' 

Mehmet ACIKGOZ and Serkan ARACI 

University of Gaziantep, Faculty of Arts and Science, Department of Mathematics, 27310 

Gaziantep, Turkey 
acikgoz@gantep.edu.tr; mtsrkn@hotmail.com 



Abstract 



The aim of this paper is to give a new approach to modified g-Bernstein polynomials 
for functions of two variables. By using these type polynomials, we derive recurrence for- 
mulas and some new interesting identities related to the second kind Stirling numbers and 
generalized Bernoulli polynomials. Moreover, we give the generating function and interpo- 
lation function of these modified g-Bernstein polynomials of two variables and also give the 
^ | derivatives of these polynomials and their generating function. 
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1. Introduction, Definitions and Notations 

In approximation theory, the Bernstein polynomials, named after their creater S. N. Bern- 
stein in 1912, have been studied by many researchers for a long time. But nothing about 
generating function of Bernstein polynomials were known in the literature. Recently, Simsek 
and Acikgoz, ([17]). constructed a new generating function of (g-) Bernstein type polyno- 
mials based on the g-analysis. They gave some new relations related to (g-) Bernstein type 
polynomials, Hermite polynomials, Bernoulli polynomials of higher order and the second 
kind Stirling numbers. By applying Mellin transformation to this generating function they 
defined the interpolation function of (g-) Bernstein type polynomials. They gave some re- 
lations and identities on these polynomials. They constructed the generating function for 
classical Bernstein polynomials, and for Bernstein polynomials for functions of two variables 
and gave their properties (see pQ, [2], [3], for details). 

Throughout this paper, we use some notations like N, No and D, where N denotes the set 
of natural numbers, N := N\J {0} and D = [0, 1]. 
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Let C (D x D) denotes the set of continuous functions on D. For / G C (D x D) 
B„,„ (/;»,») : = £ £ / (£, £) (f) (™W (1 - X)-' (1 - y)~* 

fc=0 j'=0 ^ ' 

where (^) = "^"~ 1 - > " A; | w ~ fc+1 ^ . Here B n>m (/; x, y) is called the Bernstein operator of two vari- 
ables of order n + m for /. For A;, j, n,m G No, the Bernstein polynomial of two variables of 
degree n + m is defined by 

2W. V) = (Y) (j) *V (1 - x) n - k (1 - y) m - 3 , (1.2) 

where x G D and y £ D. Thus, throughout this work, we will assume that x G -D and y £ D. 
Then, we easily see the following 

B k ,j;n,m 0, y) = B k>n (x, y) B j>m (x, y) (1.3) 
and they form a partition of unity; that is; 

n m 

J2J2 Bk >r,n,m(x,y) = l (1.4) 
fc=0 j=0 

and by using the definition of Bernstein polynomials for functions of two variables, it is not 
difficult to prove the property given above as 

n m 

^2 ^2 B k,n(x,y) B jtm (x,y) = 1. (1.5) 

k=0 j=0 

Some Bernstein polynomials of two variables are given below: 

-Bo,o ; i,o (x, y) = (1 - x) , S ,o;o,i i x , v) = { l ~ y) > s o,0;i,i (a, y) = (1 - x) (1 - y) , 

£ ,iji,i ( x ' 2/) = 2/ C 1 — ^) , s i,o ; i,i (a;, y) = x (1 - y) , (a;, y) = xy. 

Also, Bkj ]n ,m (x, y) = for k > n or j > m, because Q) = or (™) = 0. There are 
nm + n + m + 1, n + m-th degree Bernstein polynomials (see [3] and [6] for details). 

Some researchers have used the Bernstein polynomials of two variables in approximation 
theory (See [5], [6]). But no result was known anything about the generating function of 
these polynomials. Note that for k,j,n,m G No, we have 

(tx) k (ty) j e 2t t k x k Pyi (1 _ x) (1 _ y) 
jfe!j!e*(*+») k\j\ 

kl v £z n - ) Jl V to ml 

= yZy2 B h,r,n,m(x,y)— — 

z — ' z — ' 77.! m! 

n=fc m=j 



From the above, we obtain the generating function for Bkj ]n ,m (x, y) as follows: 

(tx) k (tvV e *( 2 -(^)) _2L ~ t n t m 
^ ft x, y) = {tX) {ty) k] e = £ E *W (*• y)^V ( L6 ) 

n=k m=j 

where k,j,n,m G No- We notice that, 

E (r.)-S 0(7)^(1-^(1-?/)^ , if n>A; and m>j 
V k>j ., n , m {x,y) ~ { o , if n<fc or m<j 

for n,k,m,j G No (for details, see [2]). 

Let g G (0,1). Then, g-integer of x by [x] g := and := ( See [ZJ-P2] 

for details). Note that lim[xL = x. [7] motivated the authors to write this paper and we 

have extended the results given in that paper to modified g-Bernstein polynomials of two 
variables. 

2. The Modified ^-Bernstein Polynomials for Functions of two Variables 
For < k < n and < j < m, the g-Bernstein polynomials of degree n + m are defined 

by 

B k -. n (x ya) = { 0(?)NJM J ? [l-^]r fc [l-2/]r j , if n>k and m>j 
' hn ' m ' ' , if n < k or m < j 

For q G (0, 1), consider the g-extension of ( II. 6p as follows: 



F hJ (t,q;x,y) = <W (W e *([i-^ + [i-,y 



fc! I ^ n! / ?! I ^ ml 

\n=0 / J \m=0 

oo OO y- \ , \ n m 

E E u ) (?) w! W 1 - - "G^s (22) 



where fc, j, n, m G No- Note that limFfcj (t, q : x,y) = F^j (£; x, y) . 

Definition 1. TTie modified q-Bernstein polynomials for functions of two variables is defined 
by means of the following generating function: 

Fkj (t, 95 x, y) = ^tfPe'fM^Nl,) = S fc , i;n , m (x, y; g) ^ (2.3) 

J n=0 m=0 



where k,j,n,m G PJ . 



By comparing the coefficients of (12. 2p and ( 12. 3p . we obtain a formula for modified q- 
Bernstein polynomials of two variables given in the following theorem: 



Theorem 1. For k,j,n,m G No, then, we have 



B, 



k,j;n,m 



™ J , if n>k and m>j 
, if n < k or m < j 



Theorem 2. (Recurrence Formula for B^j-n^m (x, V, q) ) For k, j, n,m G No, we have 
B k ,j-n,m (x, y; g) = [1 - x]Jl - y] q B k j- n -i,m-i {x, y] q) + [1 - x] g [y] g £fcj_i ;n _i )m _i (x, y; g) 

1 ,j;n— l,m— 1 

(x, y; g) + [x] Jy^fc-ij-i^-i.m-i (x, y; g) . 

Proof. By using the definition of Bernstein polynomials for functions of two variables defined 
by (12.41) . we have 



B, 



k,j;n,m 



[x,y,q) 



J 

n — 1 
k 



+ 



n — 1 



jfe-1 



HJWli-^Ii-y]^ 



m — 1 \ fm — 1 
[1 - x]Jl - y] ? S fc>i;n _i im _i (x, y; q) + [1 - x], j_i. n _i, m _i (x, y; g) 

— l,j;n— l,m— 1 ?/) 



Theorem 3. For k,j,n,m G No, u>e ge£ 

B n —k,m—j;n,m (1 x, 1 y, g) B k j- nm (x, y, g) 

and 

B n , m (1 : x, y, g) = (1 + (1 - g) [x]Jl - x] q ) n x (1 + (1 - g) [y]Jl - y] g )" 



□ 



(2.5) 



Proof. Let / be a continuous function of two variables on D x D. Then the modified g- 
Bernstein operator of order n + m for / is defined by 



B„, m (/ : x, y, g) = / 



fc=0 j=0 



fc j_ 

n m 



Bua. 



k,j;n,m 



{x,y;q) 



(2.6) 



where < x < 1, < y < 1, n, m G N. From Theorem 1 and the definition of modified 
g-Bernstein operator given by (12. 6p for / (x, y) = xy, we have 



B n>m (/ : x,y,g) = 5^5^/1-,— 



k=0 j=0 



k j \ ( n\ ( m 



n' ml \kj \j 



x] q (1 - [1 - x] q [x] q (g - I))"" 1 x [y} q (1 - [1 - y] q [y] q (g - 1)) 



ili-rttt-y] 



m-3 

g 



m—l 



f (N„ M 9 ) (1 + (1 - 9) [x] fl [l - x],)- 1 x (1 + (1 - g) [y]Jl - y} q ) 



\ m—l 



From Theorem 1, we have 



B n>m (1 : x, y, q) = B k>j;n>m (x, y; q) 

k=0 j=0 



= Bk > n ( x ' q "> B i> m ^' g ) 

fc=0 j=0 

= (1 + (1 - q) [x] g [l - x] q r (1 + (1 - q) [y] q [l - y] q ) m . 
The modified g-Bernstein polynomials of two variables are symmetric polynomials: 

B n - k>m ^ n>m (l-x,l-y;q) = ^ " fc ) [x) k q [l - ^ [y) q [l - y]^ 

^)[i-^]jNr fe (^)[i-*Mr j 

Bk,j\n,m \%i y i q) • 

by replacing k by n — k and j by m — j. □ 
Theorem 4. For £, p G C, and /or n, m G N, i/ien, we procure 



Bk . (J ,.-)- / / \^") c (^u +n -,LA M d P 

n kjJ . njm [x,y,q) ^ J J ev ' gn+i pm +i ^'l 

c c 

where C is a circle around the origin and integration is in the positive direction. 

Proof. By using the definition of the modified g-Bernstein polynomials of two variables and 
the basic theory of complex analysis including Laurent series that 



>UJ {[y] qP ) f[1 _ x , u+[1 _^ dc d P 

k\j\ f+V m+1 



c c 

oo oo r r r> I „ „\ tl 



(2m 

n\m\ 

By using (12.71 ) and (12.81) . we obtain 



B k ,i (x, q) £ B j>r (y, q) p r d£ dp 
l\ 

2 / B k j. n rn (x, y; q) 



\ ^ \ ^ / / ^k,i\^,q) q ^>j,rvy,v) p »s up 



1=0 r=0 " c * c 



n\m\ 



{[y} q py d £ dp 



(2mY II k\ j\ C + P 

c c 



1 „m+l ~ B k ,j;nm {%) y) <?) 



and 



.(fi-sU+fi-yLp) d P 



c c 

.\2 I L-^Jg Wl q 



k\ j\ £ n+1 p rn + l 



(2.9) 



(2tti) 



(n — fc)! (m — j)! 



We also obtain from (12. 5ft and (12.9ft that 

, A- 

n\m\ 



x] ^)\^p)\ ( ^ xU+ ^ yLp) d£ dp 

(2mf J J k\j\ C +1 P m+l 

c c 



(2.10) 



n\ (m 



Therefore we see that from (12. 8p and (I2.10p that 

5 fcj> ,m 2/1 ?) = Q (7) ^« ^ ~ ^« ^ ~ ^' 



□ 



Theorem 5. (The Derivative Formula for Bkj. n>m (x,y',q)) For k,j,n,m e N, i/ien, 
we derive the following 

d 2 

(B k ,j;n,m (z, y; g)) = nm{q x+y B k ^ ld ^ x . n ^ m ^i (x, y; g) - g x y+ J B fc _ lji;n _ ljTO _ 1 (x, y; g) 



dxdy 



In 2 

g i-^+2/S jfc)i _ 1 . n _ lni _ 1 ( X) y; g ) + g 2 -(^)5 fcj> _i jm _i (x, y; g)) n g 2 . 



(9-1) 

Proof. Using the definition of modified g-Bernstein polynomials for functions of two variables 
and the property (11. 3p . we have 

<9 2 d 2 d d 

(B k ,j;n,m (x, y; q)) = — — (B k>n (x; g) % m (y; g)) = — (B fc ,„ (x; g)) — {B j>m (y; g)) 



O r\ V" ^,7 ,11,111 5 £M ^7/7 o o \"K,n V ' ^7 J)''* W 3 a / / 7 \"K,IL V 7 1// 7 

axay axay ax ay 

and after some calculations, the proof is complete. □ 

Therefore, we can write the modified g-Bernstein polynomials for functions of two variables 
as a linear combination of polynomials of higher order as follows: 

Theorem 6. For k,j,n,m G No, we have 

(l + (1 - q) [x] q [1 - x] ? ) (l + (1 - q) [y] q [1 - y] q ) B k!j;nim (x, y; q) 

n-k + l\ f m -j + l \ (n-k+l\ ( j + l \ , 

+ (^Tl) (^TT 1 ) ^> +llT n + i(x,y;g)+ (£±±J (|±±) S fe+1 , +1;n+1>m+1 (x, y; g) 
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Proof. It follows after expanding the series and some algebraic operations. □ 
Theorem 7. For k,j,n,m G No, we have 

r ( \ ( n ~ k + 1 \ ( m-j + l \ ( [x] q [y\ q \ , 
B k ,,, n>m (x,y;a) = [— ) {[i-^i-yj B k -ij-^m(x,V,q). 

Proof. To prove this theorem, we start with the right hand side: 
f n-k + l \ ( m-j + \ \ ( [x] q [y] q \ 

^-k)\kV{m-j)\j\\[l-x] q [l-y] q ) [X ^ ^ [i * J * [i ^ 

□ 

Theorem 8. For k,j,n,m G No, we obtain 

*W(*.»w) = EE (") Q (7) © (-1)'— ,<'-"('-^<-)<'-»»Hib];. 

Proof. From the definition of modified ^-Bernstein polynomials of two variables and binomial 
theorem with k,j,n,m G No, we have 



B k , r , n , m (x,y;q) = Q (™) [x]J[l - - y]^' 



y (7) (1 - rtir* (1 - « i -"ij/]) m " j ' 

= EE (J Q (7) ( J r ) (-i^V^-'^^wim;. 

□ 

Theorem 9. TTie following identity 

1 1 " m ( fe ) ("0 

([i-^ + Kj ([i -y] q + [y] q ) t'KJ 

true. 

Proof. We easily see that from the property of the modified g-Bernstein polynomials of two 
variables that 

E E «) = EEull) (7- 1 ) w * [ * [1 - 1 1 - »ir J 

fc=l j=l k=l j=l V / W / 

/ \ n— 1 / \ m— 1 

= + (M 9 + [1 - vlj 



and that 

t £ H^-- (*. « «) = ttilz 2) (?: 2 2 ) w: w [i - <- k [i - »r j 

fc=2i=2V2A2j fc=2 j=2 \ K Z S ^ J Z S 

= K [y? q ([x] q + [i - x] q ) n ~ 2 ([y] q + [i - y] q ) m ~ 2 

Continuing this way, we have 

E E (*■ w «) = K [y\\ (to, + 1 1 - " (M, + [i - y] 9 ) ~ 

and after some algebraic operations, we obtain the desired result. □ 

We see that from the theorem above, it is possible to write ([^]g[?/]q) fc as a linear combi- 
nation of the two variables modified g-Bernstein polynomials. 
For k G N , the Bernoulli polynomials of degree k are defined by 

k 



e*-lj V e* - 1 



e xt = [ — 1 x • • • x 



_L, n=0 



k— times 

>(*) _ n(fc) 



and = B^ (0) are called the n-th Bernoulli numbers of order k. It is well known that 
the second kind Stirling numbers are defined by 



(2.11) 



n=0 

for k G N (see [7]). By using the above relations we can give the following theorem: 
Theorem 10. For k,j,n,m G No, we have 

n m 



Bk, r ,n,m(x,y,q) = WJWEE 

1=0 r=0 \ / V / 

x5f ([1 - x] q ) B® ([1 - y] ff ) S (n — l,k) S (m — r, j) . 

Proof. By using the generating function of modified (/-Bernstein polynomials of two variables, 
we have 

(y ^M^Mj = HJM{ (£; s (n , t) £ Vf; s ( „, ,) £ 

\n=0 V \m=0 



,1=0 J \r=0 

= y^y^ B k,r,n,m{x,y;q) — 

z — ' n! ml 

n>k m>j 

by using the Cauchy product. By comparing last two relations, we have the desired result. 

□ 



Let A be the shift difference operator defined by Af (x) = f (x + 1) — / (x). By using the 
iterative method we have 



AV(0) = E(3 



(-!)"-*/(*), (2.12) 



fc=0 

for n G N. 

OO ,„ 1 k / j \ OO ( -, k 



n=0 «=0 V 7 n=0 I Z=0 V 7 J n=0 

By comparing the coefficients on both sides above, we have 

A fc n 

S(n,k) = -^- (2.13) 
for n, A; G No- By using the equations 02. 11 j) and 02. 12)) . we obtain the following relation 

n m 

B ktj . nim (x,y;q) = [x]J[y]^EE 



n m 

n\ I m 



x I / V t 

1=0 r=0 v 7 v 

([1 - *],) B? ([1 - y],) ^JL_ (2.14) 

which is the relation of the (/-Bernstein polynomials of two variables in terms of Bernoulli 
polynomials of order k and second Stirling numbers with shift difference operator. 

Let (Eh) (x) — h (x + 1) be the shift operator. Then the g-difference operator is defined 

by 

n-l 

A «=n(£-^ j ) ( 2 - 15 ) 

3=0 

where I is and identity operator ( See [7] ). 
For / G C[0, 1] and n G N, we have 

A ^(°) = E(T) (-l)*9 (3) /(n-*), (2.16) 
fc=0 v 7 i 

where is called the Gaussian binomial coefficients, which are defined by 

n\ _ [x] q [x-l] q ---[x- k + l} q ^ 2i ^ 



Theorem 11. For n,m,l,r G No, we have 



1 n m ( fe ) (]) 

/n\ /m\ Bk,j;n,m (%i V] 0) 



/ \ n-l / \ m—l / -j / -j (n\ (m\ 

(N ? + [i-4,) ([y] q + [i-y] g ) 



fc=0 j=0 



E E ^ )+(3a) ( y ( • ) W s 9) 5 c * 
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Proof. Let F q (t) be the generating function of the (/-extension of the second kind Stirling 
numbers as follows: 



— ( k ) k / / \ 00 +n 

F « W == w E (-D'- J ( ■) = E ^ («• *i ?) s 

^ i=0 VJ A n=0 71 

From the above, we have 

SM; ^wS ( - 1)i ' (s) 0, l *- il -w A * * 

where = [fc] g [A; — l] g • • • [2] 9 [1] 9 . It is easy to see that 



fc=0 

by similar way 



X>®(f) [k] g \S(n,k;q) (2.18) 

1 — n \ / a 



[* = E? G) (Y) M*^ (.?>;?)■ ( 2 - 19 ) 

We have above equality Then, we obtain the desired result in Theorem from the equations 
fl2~TBl . flgjg) and Theorem 7. □ 

3. Interpolation Function of Modified q-Bernstein Polynomial for 

Functions of Two Variables 

For s6C, and x 7^ 1, y 7^ 1, by applying the Mellin transformation to generating function 
of Bernstein polynomials of two variables, we get 

00 

S q (s,k,j;x,y) = J F k>j (-t, q- x, y) f'^^dt 



By using the equation ( 13. lft . we define the interpolation function of the polynomials £? fe 
as follows: 

Definition 2. Lei s G C and x 7^ 1, y 7^ 1, we define 

S q (s, k,j; x, y) = MM ([1 - x] g + [1 - y} q y s . (3.2) 

By using ( 13. 2p . we have (s, fc, j; x,y) —¥ S (s, k,j; x,y) as <? — » 1. Thus one has 

5 (a, fc, j; y) = ^j^V (2 - (x + y))- . (3.3) 
By substituting x = 1 and y = 1 into the above, we have S (s, fc, j; x, y) = 00. 
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We now evaluate the mth s-derivatives of S (s, k, j; x, y) as follows: 

(*> k, j; x, y) = log™ ( 2 _ ( * + y) ) S (s, k, j; x, y) (3.4) 

where x 7^ 1 and y ^ 1. 
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